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Analysis of Laser Backscattering from Solid Fuel
Rocket Plumes

C. T. Christou* and D. A. Levin*
Institute for Defense Analyses, Alexandria, Virginia 22311

Analyses have been carried out for a ground-based experiment to measure laser backscattering from solid
fuel rocket plumes. Mie scattering theory was used to compute the returned laser power as a function of range,
wavelength, and scattering angle. The feasibility of retrieval of plume particle properties through various
inversion methods was examined. The effects of atmospheric conditions on the detectability of the returned

signal were also considered.

Nomenclature

B
i

effective receiver aperture
a = radius of particle

a,, = radial measure defined such that
99% of the particles in a size
distribution have radii smaller than
am

Apnax = maximum radius in distribution

Ain = minimum radius in distribution

Aode = most probable radius of a particle
size distribution

c = speed of light, 3 x 10® m/s

(do/dQ)(N,0,a) = differential scattering cross section

fa) = particle size distribution function

K = efficiency of total optical system

K(\,8,a) = kernel function

m(a) = mass loading distribution

N = number density of scattering
particles

N(r) = number density of species [ at
distance r

P, = transmitted power of laser pulse

P, = received laser power

R = distance from scattering volume to
detector

T(v,), T(v,) = one-way transmittances at the
transmitted and received frequencies

Y(R) = geometrical factor to account for the

overlap of transmitter and receiver
fields of view

a(v,r) = total extinction coefficient by
gaseous species and particulates in
plume, as well as atmospheric
constituents

B(v,,R) = volume backscattering coefficient in
units of inverse length

AR = ¢1/2 = (c/2)

x (1, + 1, + 7,) = range resolution of measurement

(] = scattering angle
A = wavelength of laser radiation
v,, V, = transmitted and received laser

frequencies
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p = bulk matter density of particulate
species

o, o(v) = extinction cross section (of species i)

T, = detection system response time

T, = laser pulse length

T = species optical interaction time

1. Introduction

HE development of realistic plume flowfield computer

models is an ongoing effort of primary importance to the
plume community at large. There is, however, a lack of data
to validate these models at a level of detail sufficient to elu-
cidate the relevant chemical and thermodynamic processes.
The objective of this work is to assess the feasibility of ob-
taining information on solid plume particle properties using
ground-based light detection and ranging (LIDAR) tech-
niques. In relation to this, the interaction of laser radiation
with solid aluminum oxide (AlLO,) plume particles was ex-
amined in order to assess the effectiveness of the LIDAR
method as a diagnostic tool. In particular, the possibility of
obtaining reasonable estimates of the number density, size
distribution, and optical properties of the Al,O, plume con-
stituent through the measurement of scattered intensities was
examined.

The general problem of mathematical inversion is nontrivial
and has been studied extensively for many years (e.g., Refs.
1-3). The problem of the interaction of radiation with ma-
terial particles and the retrieval of particle properties from
scattered intensities has also received much attention. Estab-
lished inversion techniques have been applied with varying
success in order to obtain estimates of properties of particles
existing as atmospheric aerosols in clouds or in plumes (e.g.,
Refs. 4-8). A rather recent and most notable study of particle
sizes in rocket plumes is that of Hermsen® in which he orig-
inated a method for predicting aluminum oxide particle sizes.

In this paper, we explored some of the possible inversion
techniques to retrieve estimates of parameters of interest from
the scattered laser signals. The analysis was based on synthe-
sized data that were calculated from known particle size dis-
tributions. As yet, no attempt has been made to use experi-
mental data. Thus, we had the advantage of knowing a priori
what the correct distribution was. Even though actual field
data with associated measurement errors will render the in-
version problem more difficult, an initial analysis based on
synthesized data can help to identify prospective retrieval
methods and to determine, on a first level, what is mathe-
matically feasible when considering the inverse problem.
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II. Analysis Procedure
The plumes of solid propellant rockets contain Al,QO; in the

form of solid particulates whose radius can vary between 0.01-

20w in length, with a mean of 1 ~ 2u.1%!! The interaction of
these particles with radiation obtainable from a Nd:Glass laser,
which has been proposed for an experiment of this type, can
then be properly described by the Mie scattering theory. 2
Some wavelengths that are potentially available from a Nd: Glass
laser are the fundamental at A = 1.06p, its harmonics at A
= 0.35w, 0.53., and the HD Raman shifted counterpart at
1.7w. Solid state InGaAs photodiode detectors, which are
highly sensitive in the 1.0—1.7p spectral region, will be used
in the measurement of the returned signal.

Our analysis is based on the generalized LID AR equation':

P(v,,R) = P,(v.)KT(v,)T(v)Y(R)ARB(v,,R)A/R* (1)

where the total transmittance T (v) can be expressed as

T(v) = exp [— J;R a(v,r) dr:l (2a)

with

a(v,r) = o (v) N(r) (2b)

The scattered laser power received by the detector can be
computed from Eq. (1). The values of 7, (10 ns), 7, (10 ns),
K (0.1), and A, (5000 cm?) were chosen in accordance with
the specifications of the assumed instrumentation. The value
of Y(R) was set = 1, corresponding to a total overlap of
transmitter and receiver fields of view. A pulse of 300 mJ
energy and 10 ns duration is typical for a Nd:Glass laser. In
a bistatic arrangement of the laser scattering experiment, the
transmitter and receiver are spatially separated, whereas in a
monostatic arrangement, they coincide.

The volume scattering coefficient 8 in Eq. (1) depends on
the size distribution of particles and is given by the integral

BOG =N | f(a) 35 00 da @)

Mie theory gives an exact solution to the problem of absorp-
tion and scattering of light from spherical particles of arbitrary
radius and refractive index. In special cases of nonspherical
geometry, such as ellipsoidal, it can provide a first-order de-
scription of the same phenomena. The general case, however,
of irregularly shaped scatterers is extremely difficult to treat.
For this reason, we began our calculations by assuming spher-
ical particles, even though their exact shape in the rocket
plume is uncertain. The other simplifying assumption is that
of single as opposed to multiple scattering, which is strictly
valid for optically thin media. In optically thick media, the
received signal P, includes photons that have been scattered
more than once. Hence, it will exceed the value obtained
from Eq. (1). The effects of multiple scattering depend on
the size of the scattering particles, the values of the absorption
and scattering coefficients o, the time after pulse transmission,
etc. In general, a theoretical treatment of multiple scattering
is complex and has only in some cases been approximated
through involved numerical simulation (e.g., Ref. 14). For
the particle sizes and densities obtained from both high- and
low-altitude flowfield codes (CHARM!® and SPF2!'%), our cal-
culations show that optical thinness holds everywhere except
perhaps near the nozzle, where concentrations are higher.
Therefore, the assumption of single scattering remains valid
in this work.

The first step in our calculations was the determination of
the differential scattering cross section do/d{) as a function
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of \, 8, and the particle radius a. This was done using a
modified version of the Mie scattering code of Bohren and
Huffman,'? which gives various scattering parameters for a
homogeneous sphere. To calculate do/d(}, it is necessary to
input the real and imaginary parts of the index of refraction
n of the scattering material. For AlL,O;, this set of data was
obtained from an SPF2-SIRRM (Standardized Infra-Red Ra-
diation Model) file,'¢'” which contains a combination of the-
oretical and experimental values.

In order to investigate the effect of size distribution on the
volume coefficient B and the received laser power P,, several
representative models were chosen. Nine different continuous
distributions were obtained from the literature'!-'#1° and were
of an exponential or log-normal nature. The mode radii varied
between 0.01 and 8p. and covered the range from submicron
to large particle distributions (Table 1).

A representative discrete size distribution was obtained from
the CHARM simulation data file for an altitude of 100 km!®
with radii @ = 0.5, 1.0, 2.0, 3.0, and 4.0p. and corresponding
densities N(a) = 7, 7, 28, 230, and 56/cm>.

HI. Clear Atmosphere Results

Assuming a particle density N = 10%cm?, the LIDAR equa-
tion was used to compute P,, which was then examined as a
function of scattering angle 0, wavelength A, and range R.
Representative plots, corresponding to a possible plume par-
ticulate size distribution (model 4 in Table 1) and an atmos-
pheric model with only gas molecules (i.e., no aerosols), are
shown in Figs. 1-3. Figure 1 is a plot of P, vs range for 10
km < R < 100 km and 6 = 180 deg. The point of intersection
of each curve with the detector sensitivity line for the same
wavelength corresponds to the maximum detectable range for
that value of . The horizontal line in the figure represents
the detector sensitivity at A = 1.7p.

Figure 2 shows the variation of P, with A\ at R = 100 km.
The low minimum at A = 0.35u is caused by the attenuation
factor exp(—oN4R), in which o is inversely proportional to
A*. Thus, the shorter wavelength signals are attenuated most
strongly by the atmosphere. The triangular points represent
the detector sensitivity for each particular wavelength. It can
be seen that the corresponding curves lie mostly above these
points. At 100 km detection range and a backscattering angle
of 180 deg, three wavelengths would thus be useful for this
particular set of parameters.

Figure 3 is a plot of P, vs 8 at R = 100 km. The portion
of each curve lying below the corresponding detector sensi-
tivity line represents the angular region for which the returned
signal is too low to be detected. For 0 deg < 6 < 180 deg,
all of the models studied yielded curves of P, with the same
general features as those of Fig. 3: a maximum at 0 deg, a
secondary maximum at 180 deg, and a minimum at 120-140
deg. The detailed shapes of P, vs § were, however, model
dependent. Since the angular dependence of P,, as well as all
of the information on species properties, is contained in the
volume scattering coefficient, we focus our attention on B to

* analyze the results of our calculations.

Table 1 Size distribution models

Model number podes M Ay o
1 7.0 19.61
9 8.0 16.70
8 4.0 11.02
7 2.0 7.89
5 0.01 6.44
4 0.561 3.48
3 0.198 2.20
6 0.2 1.90
2 0.652 1.21
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Fig. 1 Received laser bower vs range: 0 = 180 deg; N = 10° cm™3;
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10-3;

-
<>
"
th
o

RECEIVED POWER IN WATTS
s

10-11] N —
0.0 Jo.d - 0.8 1.2 1.6
WAVELENGTH IN MICRONS

—

Fig. 2 Received laser power vs wavelength: range = 100.0 km; N

= 10° cm~?; Distribution model 4; clear atmosphere.

IV. Effect of Atmospheric Attenuation
Severe limitations can be imposed on the minimum de-
tectable power by the attenuation of the laser pulse on its way
to and from the scattering volume. Atmospheric attenuation
is incorporated into the LIDAR equation [Eq. (1)] through
the factors T(\,), T(7,),

T(\) = e~ "NaR “4)

where R is the extinction path length, N, the atmospheric
constituent number density, and o the extinction cross section
through both scattering and absorption by gases and particles.

Three situations have been considered so far'in this analysis:

1) In order to study in isolation the effects of density N and
particle size distribution on the received power, a constant
atmospheric transmittance of 0.8 was assumed. For a signal-
to-noise (S/N) ratio of 5 and a noise-equivalent power (NEP)
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Fig. 3 Received laser power vs scattering angle: range = 40.0 km;
N = 10° cm~3; Distribution model 4; clear atmosphere.

of 10~8 W, the maximum range corresponding to a detectable
signal was obtained by solution of the LIDAR equation for
R. In the case of T(\) = 0.8, R, is > 200 km at § = 180
deg for all wavelengths and N = 1000/cm?.

2) For a clear atmosphere containing only gas molecules
whose sizes are small compared to the laser wavelengths, the,
scattering cross section is given by the Rayleigh theory: '

op = 4.56[A(1)/0.55]* x 10~ cm? (5)

for altitudes below 100 km.*? In this case, atmospheric atten-
uation depends on the wavelength of the transmitted radiation
as well as on R. For a sea level density of N, = 2.55 x 10/
cm® (worst case scenario, since density decreases with alti-
tude), and the same detector sensitivity, the maximum de-
tection ranges for 8 = 180 deg varied from 35-58 km for A
= 0.35u. (depending on the model), 105-200 km for A =
0.53p, and to over 200 km for A = 1.06, 1.7p.

3) For an atmosphere with aerosols or pollutants, an em-
pirical equation’> was used to calculate the transmittance,
which decreases mainly due to absorption:

a = (3.91/V,) [0.55/A(n)]* (6a)
g = 0.585 [V, (km)]** for V, =6km (6b)
g = 1.3 for “‘average seeing conditions” (6¢)

For visibility V,, = 16 km, it was found that aerosols markedly
reduced the detectability of the signal. For model 6 and N =
1000/cm?, the results are shown in Table 2.

The detectability of the signal is a very strong function of
atmospheric composition and weather conditions. The pre-
vious examples serve mainly to illustrate this variation.

V. Effect of Particle Size

In examining flowfield solutions for high- and especially
low-altitude plumes, we found that there is a spatial variation
of the particle size distribution function within the range res-
olution cell AR, which for the instrumentation considered in
this paper is 3.15 m. Depending on the aspect angle of laser
beam and plume axis, this variation can be considerable, es-

Table 2 Maximum detectable ranges for an atmosphere with aerosols

A 0.35 0.53
R,... km 9 13.50

1.06 1.7

24.25 34.75 - (6 = 180 deg)
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pecially near the nozzle where the plume width is smaller than
AR. The LID AR measurements considered herein will, there-
fore, represent an average over the range resolution cell,
which becomes more representative of a localized measure-
ment the farther downstream one goes. However, even av-
erage estimates of the particulate parameters would prove
valuable as a laser diagnostic since they can be compared with
corresponding average values predicted by the flowfield sim-
ulation codes. For instance, they would be very useful in
exploring the variation of the average radial parameters with
axial distance, which can be pronounced. With this consid-
eration in mind, we report the results of our analyses of the
effect of particle size on the LIDAR signals.

The values of B were found to vary greatly in magnitude
for the different models, especially at 6 = 0 and 180 deg.
However, the magnitude of § alone cannot be used imme-
diately to extract information on the size distribution because
B also depends on N, which is unknown. On the other hand,
the detailed shapes of the curves of B vs 6 and \ or, equiv-
alently, the ratios of B for different angles at constant A and
vice versa are density independent and can yield clues as to
the size distribution of the particles producing them. The
ratios of the volume scattering coefficients were calculated
for all wavelengths at various angles, including 0/180 deg,
0/100 deg, and 180/160 deg. It was seen that they are roughly
proportional to the size of the largest particles in the distri-
butions. A measure of this size is the radius a,, for which

Lm f(a) da = 0.985

i.e., ~99% of the particles in the distribution have radii smaller
than a,,. The values of a,, corresponding to each size distri-
bution model are listed in Table 1. Figure 4 contains plots of
B(\, 180 deg)/B(\, 160 deg) vs a,, for three values of . Model
1, which contains large particles, gives the highest values for
(6,)/B(6,) for all A, whereas model 2, which describes a sub-
micron particle distribution, gives the lowest ratios. On the
other hand, calculation of the average value of the differential
Cross section

aa()\’e) B Jamax d_O'
dQ oo fla) dQ) (A.9) da

produces a monotonic dependence on a,,, as well.
Examination of the ratios of B at a single angle but two
different wavelengths reveals only a slight variation with dis-
tribution model, as opposed to the orders of magnitude in-
crease observed for multiangle measurements. For example,
the ratio of B(1.06p, 180 deg)/B(1.7w, 180 deg) varied only
between 1.2 for the largest size particle distribution to 2.9 for
the smallest size distribution. It is not certain that such dif-

Lo 500 9.0 13 T 170 200
Ayt MICRONS

Fig. 4 Ratios of volume backscattering coefficients.
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ferences could be distinguished experimentally and, hence,
exploited in the extraction of useful information regarding
particle properties.

VI. Particle Size Retrieval Methods

A. Bistatic Measurements

The functional dependence of the ratios of 8 on distribution
model suggests a possible method for obtaining estimates of
the concentration and sizes of the scattering particles for bis-
tatic arrangements. Measurements at 8 = 0 deg would be
most useful because of the more pronounced variation of the
scattering cross section as well as of the ratios B(0 deg)/B(180
deg), B(0 deg)/B(100 deg) in the forward direction. However,
this is not possible for a ground-based LID AR system tracking
a moving body. Also, atmospheric attenuation of the laser
radiation (Sec. IV), especially in the case of high-altitude
rockets, will limit the choice of receiver locations to backward
scattering angles close to 180 deg. In the interest of good
statistics, it is desirable to collect as much data as possible in
any experiment; in this case, values of P, at several angles
and wavelengths. Practical considerations, however, limit the
number of receivers that can be set up to at most two. This
places the wealth of information inherent in measurements
at forward scattering angles out of reach and forces us to focus
our attention on angles around 180 deg. It can be seen from
Fig. 4 that even in this angular region the proportionality
between B(180 deg)/R(160 deg) and a,, can be exploited in
the following way.

First, one would calculate the ratio P,(180 deg)/P,(160 deg),
which is density independent for a continuous distribution.
For a constant wavelength, this ratio is equal to that of the
average cross sections at the two angles,

¢ - Jo(3.180 deg) / da(x,160 deg)
- - ,

dQ 0

Interpolation in a theoretically determined curve of § vs a,,
can give an estimate of the largest size particles in the distri-
bution. Using this value of a,,, a second interpolation in a
curve of do(\,180 deg)/dQ) will give an estimate of the back-
scattering cross section weighted over the distribution [the
integral in Eq. (3)]. Insertion of this value in the expression
for 8 [Eq. (3)] will immediately yield an estimate of the num-
ber density of particles in the scattering volume. As a con-
sistency check, this procedure should be repeated for all avail-
able pairs 0,, 9, and for all wavelengths. The final estimates
for a,,, do/dQ), and N will be given by the averages of the
individual estimates.

The ratios B(\,0,)/B{\,6,) apparently do not depend on the
details of the distribution as much as they do on the magnitude
of the largest radii that can be expected to occur in the dis-
tribution with a reasonable probability. The scattering is
therefore dominated by the largest size particles. Models 6
and 2, although different in functional form, give roughly the
same values for the ratios of B because of the near equality
of a,, for the two cases.

Armed with a preliminary knowledge of N and «,,, one can
then proceed to a mathematically more sophisticated method
of determining the detailed parameters of the distribution.
These we discuss in connection with multiwavelength meas-
urements in the following.

B. Monostatic Measurements

The limitations of the type of ground-based experiment
under proposal render it difficult to obtain unambiguous bis-
tatic measurements. For this reason, we focused next on the
feasibility of retrieval of plume particles properties from mul-
tiwavelength measurements at the single backscattering angle
of 180 deg. A monostatic setup would minimize technical
problems, as well as uncertainties arising from the nonoverlap
of the fields of view of transmitter and receiver. Since the
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ratios of B for a monostatic setup do not vary significantly
with distribution model, we must resort to more detailed in-
version techniques than that used for multiangle measure-
ments. Two of the inversion methods implemented in the
present analysis were the following.

1) A modified version of a retrieval method found in the
literature® that makes use of the Twomey nonlinear iterative
inversion scheme?! to retrieve the unknown size distribution.
The author of Ref. 20 applied the method with moderate
success to retrieval of size distributions from multiangle meas-
urements. Here, we tried it on multiwavelength measure-
ments.

Following the example of Young,?® we chose to work with
the mass loading distribution m(a), which may be expressed
in terms of the number density distribution as

m@) = 2 o a* n(a) ™

Equation (3) for B then becomes

B(\, 6) = f "'lax K(\, 0, a) m(a) da (8a)
where
3 1do
K\, 0, a) = dmp 2 A0 (A, 8) (8b)

K(X\, 0, a) is called the kernel function and is a weighting
factor for the contribution to (i, 8) of particles with radii
between a and a + da. As stated in Ref. 20, the functional
form of K(\, 0, a) determines the feasibility of performing
an inversion and the accuracy with which it can be performed.
The kernel for this problem is shown in Fig. 5 as a function
of the dimensionless size parameter x = 2ma/\ and for 6 =
180 deg. The kernels K(A, 0, x) essentially limit the size pa-
rameter range over which an inversion can be effected. The
kernel of Fig. 5 is appreciably different from zero between x
= 0.5 and 200. Outside this region, m(x) makes no contri-
bution to B(\, 8) because K(\, 68, x) is negligible. Using the
half-width as a conservative estimate, one can predict a re-
trieval range between x = 3-60. If the size distribution is
expected to be wider than this, one can move the kernel
window across the distribution by varying the wavelength.
While the x window remains fixed, the a window varies di-
rectly with A. Thus, for A = 0.35u, the a windowisa = 0.17-
3.34p, whereas for A = 1.7p, it is ¢ = 0.81-16.23. Since
particle distributions with radii <0.17 and >16p. are highly
unlikely in plumes, this will adequately cover the size ranges
that are expected.

A second feature of the kernel is its rapid oscillatory be-
havior, which has consequences on the accuracy of the in-
version method itself. The Twomey nonlinear algorithm is set

- forth in Ref. 20 and is shown as a computational flowchart
there. One begins with the known measurements of 8,(;, 6)
for 8 = 180 deg and \; = 0.35, 0.53, 1.06, 1.7, the calculated
kernel function K(A, 6, ), the maximum over a of the kernel
functions K,,,,, and a first guess solution m,(a). The value
B; obtained from the guess solution is then used along with
the observed $ to compute a correction parameter £. This
parameter is then combined with the normalized kernel
K/K . to modify the first guess solution. The loop is con-
tinued over all available wavelengths \,. The end result is one
cycle of the iteration process. The value of m(a) obtained
from the first cycle is subsequently used as an initial guess
going into the second cycle. The process is continued until
some predefined convergence criterion is met.

In order to try out the Twomey inversion algorithm, a test
case was established using model 6 (Table 1) of our study,
n(a) = 6493.8 a-°e~3, as the true size distribution with the
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particle number density N = 1000/cm®. Transforming to the
mass loading distribution and integrating over the corre-
sponding range of radii we get

4w
3
= 8.58 x 10~° g/em? (9)

2
6493.8 X X 3.7f a>be 3 da
0.01

for the mass density of particles. The algorithm was tested
for three different initial guess solutions. Convergence was
set at the number of iterations for which BOBS/BCAL = 1 =
5 x 107 The first guess solution was n(a) = 72004°
e~2+# with a mass loading = 8.00 x 10-® g/cm*. The re-
trieved mass distribution is shown as curve 2 in Fig. 6. The
degree of fluctuation is disconcerting and arises from the na-
ture of the kernel function. Following Ref. 20, we tried to
suppress the fluctuations by explicit smoothing of the form:

. 1 JjtMS
7 PRAC (10

with MS = 3. The degree of fluctuation is thus reduced (curve
3 of Fig. 6), but overall agreement between retrieved and true
distributions is still not very good. As a way of improving the
accuracy of the results, the author of Ref. 20 applied a mod-
ified inversion scheme, consisting of many cycles of iteration
similar to the one described earlier, but in which the smoothed
version of the end result of one cycle is used as an initial guess
in the next cycle. This in effect amounts to a superiteration.
In the present case, the result of 15 cycles of superiteration
is shown in Fig. 7, along with the true distribution and with
the initial guess. No significant improvement was achieved
beyond 15 cycles. For this particular initial guess, the center
of the distribution was retrieved with considerable accuracy.
Agreement was closer over the short radius wing of the dis-
tribution, most likely a result of the choice of initial guess
solution, which is a small particle distribution.

It is not difficult to see that the accuracy of the retrieved
distribution will depend on the initial guess. The closer this
is to the true distribution, the better will be the result. In
reality, the nature of the particle size distribution is unknown
in the absence of auxiliary measurements. Such being the case,
a most general, unbiased initial guess might be a distribution
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Fig. 6 Retrieved functions resulting from one iteration of the Twomey
nonlinear method.

that is constant within some range of radii. The result of such
an initial guess, with a mass loading of = 8.4 X 10~° g/cm?
over a radius range of 0.01-3p is presented in Fig. 8. Overall
agreement is not bad as far as the order of magnitude pre-
dictions are concerned. However, retrieved and true distri-
butions again do not agree in detail. A third initial guess, n{a)
= 500 a%e~*, a large particle distribution (mode radius = 2p)
produced results similar to those of Fig. 8.

The fact that all of these retrieved distributions yielded
values of B that agree with the observed values to within five
parts in 10* implies that each one of them is “correct” and
equally probable as far as producing the given data, even
though they did not in detail agree with the true distribution.
Implementation of the Twomey nonlinear inversion method,
in this case, has shown that one cannot unambiguously de-
termine the actual particle size distribution from multiwave-
length, monostatic measurements. Rather, it might be pos-
sible to retrieve one of many probable size distributions, which
will depend on the initial guess, the smoothing constraint and
other boundary conditions.
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Fig. 7 Retrieved functions resulting from multiple iterations of the
Twomey method, initial guess 1.

RADIUS IN MICRONS

Fig. 8 Retrieved functions resulting from multiple iterations of the
Twomey method, initial guess 2.

2) In order to determine exactly how many different types
of distribution models will yield essentially the same values
of B,, we applied a brute force method of directly fitting a
chosen form of distribution to the measured data. In such an
approach, one essentially allows the distribution parameters
to vary in some systematic fashion until the calculated values
of the ratios of B agree with the true values to within a preset
tolerance.

Proceeding in such a fashion, we assumed a form f(a) =
Dabe~=+, based on which we calculated the ratios of B, for
6 = 180 deg and the four values of A. D is a normalization
constant equal to b!/a®*!. The parameters o, b were incre-
mented sequentially in steps of 0.1, whereas a,,,, increased
in steps of 1. Those combinations of parameters that yielded
ratios to within 3% of the true ratios were printed out. Results
of calculations using models 6, 3, and 7 of our study showed
that such an approach will yield accurate estimates for the
maximum size radius in the distribution and an estimate for
the mode radius anywhere between 0.5-2 times the true value.
An estimate for the particle number density can be obtained
from the distribution parameters by evaluation of the integral

amax d()'
f o1 dQ) aq @ da

0.

and substitution into the equation for B [Eq. (3)].

C. Bistatic or Monostatic Measurements (Discrete Distribution)

The discrete distribution gave results for B and P, with
general features similar to those of the continuous distribu-
tions. The attempt at a linear inversion in this case is a first
step in the implementation of a more complex scheme, with
the purpose of establishing the existence of at least one so-
lution to the parameter retrieval problem. We emphasize the
fact that the results reported here were obtained using perfect
(noise-free) data. In addition to the question of existence,
there are also the questions of uniqueness and stability, which
must be explored in a complete solution of the inverse prob-
lem. With this caveat, we proceed to describe the linear in-
version routine used on the discrete distribution. First, the
interval [0, a,,] (a,, is the estimate for the maximum radius,
which can be gotten as described earlier) is subdivided into
small bins of length dg; (i = 1, N) and a corresponding number
of radii a, are selected, one in each bin. The number of bins
N should equal the number of available data points (values



AUGUST 1991

of B for various \ and 6). We then proceed to set up a system
of N linear equations

3 L0040 ) = 5 00)

i

with the number densities f(a;) corresponding to each g, as
unknowns. In order to get a unique solution set, the num-
ber of unknowns B(g;) must equal the number of data points
B (A;,9;). Therefore, the more data available, the better the
chances of arriving at an accurate solution for the discrete
number densities and the corresponding radii. Difficulties as-
sociated with numerical problems (such as singularity of mat-
rices) must be carefully dealt with.

In our test case, a 6 X 6 linear system was set up for six
unknowns and solved using an International Mathematical
and Statistical Libraries (IMSL) routine based on Gaussian
elimination. There appeared to be only one set {a;} that gave
a physical solution for f(a,), most likely due to the nature of
the functional dependence of do/df) on a. Any other com-
bination of radii gives unphysical results [negative numbers
for f(a;)]. The method then consists in trying all combinations
of a;, one in each bin, in increments as small as one chooses.
In the test example, we proceeded in steps of 0.1y for a; in
the intervals [0,1], [1,2], [2,3], [3.4], [4.5] and obtained a
unique solution for the set a,, f(a;), which agreed with the
true values to within 0.3%. The use of actual field data will,
however, complicate the implementation of this method and
may partially alter the results.

VII. Conclusions

The analysis of laser scattering by Al,O, particulates in a
plume volume has shown, based on the use of synthesized
data, the following:

1) The detectability of the returned signal is a strong func-
tion of atmospheric conditions. The maximum detectable range
will also depend on the laser wavelength, the concentration
and optical properties of the scattering particles, as well as
the detector sensitivity.

2) From bistatic measurements, one may retrieve estimates
of the largest size scattering particles and particle concentra-
tions from the ratios of the measured values of the returned
power. It was found that the volume scattering coefficients
do not depend as much on the detailed parameters of the size
distribution, but on the magnitude of the largest size particles,
which, therefore, dominate the scattering.

3) In the case of monostatic measurements, one must resort
to more sophisticated inversion techniques in order to retrieve
plume particle properties. Implementation of the Twomey
method showed that the retrieved solution will not be unique.
Direct fitting of data to a parametrized distribution form pro-
duced an accurate estimate of the maximum particle radius
while it gave the possible range of other distribution param-
eters, such as mode radius. Each method has its merits. There-
fore, we believe that application of both would provide useful
information.
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